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DIVISION ALGEBRAS OF DEGREE 4
AND 8 WITH INVOLUTION

BY
S. A. AMITSUR, L. H. ROWEN" AND J. P. TIGNOL"

ABSTRACT

We develop necessary and sufficient conditions for central simple algebras to
have involutions of the first kind, and to be tensor products of quaternion
subalgebras. The theory is then applied to give an example of a division algebra
of degree 8 with involution (of the first kind), without quaternion subalgebras,
answering an old question of Albert; another example is a division algebra of
degree 4 with involution (*) has no (*)-invariant quaternion subalgebras.

§0. Introduction

In this paper, F denotes an arbitrary field of characteristic #2, and R is a
central simple F-algebra. An involution (of the first kind) of R is an anti-
automorphism of degree 2 fixing F. The classic reference on central simple
algebras, with or without involution, is [1] (especially section X), and some
positive general results were given in [4].

It is well known that [R : F] = n® for some n; n is called the degree of R.
Then, for some uniquely determined natural number k and some division
algebra D, we have R = M, (D), the algebra of k X k matrices with entries in D.
If deg(R) = 2, we call R a quaternion F-algebra. In this case, there are elements
ai;, a in R such that 0#a’€EF, 0#a3€F, aa.= —a.a, and R =
F + Fa, + Fa,+ Fa,a;; letting a; = a?, we denote R by the symbol (a,, az; F). R
has an involution (*), given by

(714 y201 + v3a2 + 74a102)* = y1— Y201~ Y382~ Y4014,
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Conversely, given a;, a, in F, we can construct (a;, az; F) by taking formal
elements a;, i = 1,2, and defining R = F + Fa, + Fa, + Fa,a,, with multiplication
induced by the rules a’=a; and a,a,= — a.a,.

Any tensor product (over F) of m quaternion F-algebras is of degree 2™, and
has an involution given by the tensor product of the respective involutions. On
the other hand, any central division algebra D with involution has degree 2™ for
some m, and Albert [1] showed D is a tensor product of quaternion subalgebras
when m = 2. The following famous question thus arises:

QuestioN A. If a central simple F-algebra of degree 2™ has an involution, is
it isomorphic to a tensor product of quaternion F-algebras?

It suffices to consider only division algebras, and the first stage to consider is
m = 3. A related question of interest is

Question B. Suppose R is a tensor product of quaternion algebras and has
a given involution (*). Is R then a tensor product of (possibly different)
(*)-invariant quaternion subalgebras?

The main object of this paper is to give a negative answer to Question A; we
have a division algebra D of degree 8 with involution, which is not a tensor
product of quaternions. It is noteworthy that by a theorem of Tignol [5], M(D)
is a tensor product of quaternions. (Our construction also works for m = 3.)

We also provide a counterexample to Question B, of degree 4. Namely, there
is a division algebra Q,® Q. with involution (*) without any (*)-invariant
quaternion subalgebra. (In this case, the involution must be of orthogonal type,
by [4, theorem B]). The method is to study abelian crossed products (cf. [2]),
giving necessary and sufficient conditions for an involution to exist. Comparing
these criteria with the structure of tensor products of quaternion algebras,
applied to “generic abelian crossed products”, we arrive at the counterexamples.

§1. Tensor products of quaternions

Let R be a central simple algebra with a center F. A set of elements S = {r,} is
called a quaternion generating set, or in short a g-generating set, if:

(1) 0£r’€F,

Q) rry= =,
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(3) if i#j, then there exists r, € S such that r, commutes with one of {r,r;}
and anticommutes with the other.
Note that if rr, = — r,;, we can choose r, = r.

ProposiTiON 1.1. (i) A g-generating set S is F-independent.
(1) If {r., r2} is a q-generating set, then also {1, r,, r, 1,12} is a q-generated set,
and Q = F + Fr,+ Fr,+ Frir, is a quaternion F-algebra.

Proor. (i) Let 2i_; a;r; = 0, with k minimal. If some «; # 0, then at least two
of them are non-zero; say ai, a, # 0. By definition, there exists an r € § such
that [r,r,]= rri— rir =0 but [r,r,) #0. Then

0= {r,E airi]= > aim]= -2 anr

where the sum ranges over all i such that 0 # [r, r.] = — 2rr. In particular the sum
will contain «;, but not a,; hence, by the minimality of k we must have a; =0 in
%', which is a contradiction since a, # 0.

Part (ii) is straightforward. Q.ED.

Proposition 1.2, Suppose deg(R)=2". R is a tensor product of quaternion
F-algebras, iff R has a q-generating set S containing 4' elements (in which case, S
is a base of R).

Proor. Suppose R=0/0:--Q=0:1Q---QQ, where Q =F+
Fry + Fry + Fry;, is a quaternion F-algebra and ry = ryra,. Put r; = 1. Then
S={rrz - r.| i. =0,1,2,3} is the required base.

Conversely, suppose such a g-generating set S exists, take r,, . in § with
rir= — r.ry, and let Q, be the quaternion subalgebra generated by r, and r,, cf.
Proposition 1.1. Then R = Q,R, = Q, Qs R, where R, is the centralizer of Q, in
R. We claim that ;= S N R, is a g-generating set having 4'' elements; since
deg(R,)=2""" we could then conclude by induction.

To prove our claim, note that if r, € S, either r, € R, or r.€ R;; and if r, € R,
then either r,r, = — rir, or rr;= — ror,. Write r, = po+ piri + par2 + psrir,, where
pi € Ri. One sees easily that exactly one of the p; is non-zero. Thus § =
ToU Tir U Tor, U Tsrir, with T, C R;. Since these elements are F-independent,
the number of elements of each T is at most [R,: F] = 4'”". The total number is
4" =4-47" 50 T, contains 4'~' elements; clearly T,= S N R, is a q-generating
set. Q.E.D.



136 S. A. AMITSUR ET AL. Israel J. Math.

ProrosiTioN 1.3. Suppose deg(R)=2' and R has an involution (*). R is a
product of (*)-invariant quaternion subalgebras iff R has a q-generating set
S ={r. | 1= u =4'} satisfying Proposition 1.2, with r’ = *r, for each r..

Proor. As in Proposition 1.2, taking note of the additional facts that Q, is
(*)-invariant if r¥ = = r, for i = 1,2, in which case the centralizer of Q, is also
(*)-invariant.

§2. Abelian crossed products

This section is based on [2], with the roles of K and F reversed. Suppose R
has a maximal subfield K which is Galois over F, having abelian Galois group
G=(o)B--PB{o,), a direct sum of cyclic groups of order 2, i.e. G=
Z,p- - PZ, Define Ni(x)=xo0i(x), the norm with respect to o. N, is
multiplicative and commutes with all o; and N; By the Skolem-Noether
theorem we may choose z; such that o,(x)= zxz;' for all x in K. Define
u; = zzz;'z; and b, =z, 1 =i =q. All u; and b, are in the centralizer of K,
which is K itself. Write U for {u; | 1=i,j =q} and B for {b,| 1 =i = q}. By [2,
lemma 1.2], the following conditions are satisfied:

(1) wi =1 and uj;' = u; for all i,j;

(2) o:(up)o;(u) o (u;) = upuuy; for all i, j, k;

() Ni(N;(u;))=1 for all i j;

(4) o;(b)b:' = Ni(u;) for all i,j.

Conversely, suppose K is any abelian extension of F with Galois group
G =(0)D - P{o,), and suppose U, B C K satisfy conditions (1)—~(4). Then,
by [2], there is a central simple F-algebra R uniquely determined (up to
isomorphism), having K as a maximal subfield, and {z,, - - -, z,} C R such that the
above system holds. Thus K, G, U, and B determine R, and we denote R as
(K, G, U, B).

Note that we can replace any b € B by ab, for arbitrary « in F, for (4) is still
satisfied. Using [2], we also have the following observation:

Remark 2.0. (i) Condition (2) is subsumed by condition (1) except when
i, j, k are distinct;

(ii) if U, B satisfy (1), (2), and (4), then U satisfies (3);

(iii) conversely, if U satisfies (1), (2), and (3) then there is some B, whose
elements are uniquely determined up to multiplication by elements of F,
satisfying (4).
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Indeed, (i) is obvious, and (ii) is clear because N;(Ni(u;)) = N;(o;(b:)bi") = 1.
To see (iii), we get B from the generalization of Hilbert’s theorem 90 ([2, lemma
2.4]), in particular from [2, equation (14)] (which has a misprint which should
read a,0:(ax') = va = Ni(ui) for all i# k), where we choose b, = a;'. The
uniqueness is clear from (4).

THEOREM 2.1. Letr € G and suppose R = (K, G, U, B). The following condi-
tions are equivalent:

(i) R has an involution of the first kind ;

(ii) R has an involution whose restriction to K is 7;

(iii) By modifying suitably U and B, we may write R = (K, G, U, B) also
satisfying the following additional conditions:

() 7(uy)oio;(uy;) =1 for all i, j,

6) 7(b)= b, for all i.

In fact, we can then select the involution (*) such that for arbitrary u;, = *1,
2% = w.z,, and the restriction of (*) to K is 7.

Proor. (i) > (ii) parallels [4, proposition 5.4 and 5.5] and is omitted,;
(ii) > (i) is trivial.

(i) => (iii). Suppose (*) is an involution on R whose restriction to K is 7, then
it is clearly of the first kind. For all k in K, z:k = o:(k)z;; taking (*) on both sides
yields 7(k)z% = z¥7(0:(k)). Replacing k by 7(o:(k)) yields o:(k)z* = z *k. Thus
z7'z%k = z7'oy (k)2 = kz{'z%, so z7'z% centralizes K, implying z;'z%€ K.
Hence z*€ zK, so z;+ az¥€ z,K for each a in F. Since all elements of
zK ~ {0} are invertible, inducing o; as their inner automorphism, we may
replace z; by Z = z; + w,z T for suitable w; in {+1, —1}; then %= w.Z. Let
b, =z% and ity = zZZ:'Z;". Clearly 7(b) = z%= u2z?= b, yielding (6); also,

=—1=—-1~ = =

()= (2522 ) = uiniZ' 2722 = 2;' 27 0:2.2; = 0103 (i),

since @i;Z:z; = z,z;, yielding (5) in view of (1).

(iii) = (ii). Define (*) on R as follows: Writing a typical element of R
(uniquely) as £,k,z}" - - z,* summed over all a = (ay, - -, a,) € {0, 1}%, with k,
in K, define (Z.k.z1' - 2z4)* =2,z -+ z\'r(k). The following verification
check (*) is an anti-automorphism:

(i) (kiko)* = 7(kik2) = 7(k2ky) = (kak1)*;

(i) (kz.)*=za(k)=z%k™,

(i) (zD)*=b*=1(b)=b; = (z*) (here we used (6));

(iv) for i <j, (z:z;))* = z;z; = z%z%;
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(v) fori>j, (2iz;))* = (wz;iz,)* = zizjm(u) = z:izjowo; (W) = wpziz; = 2,2, = 2%z %
(here we used (5)).
But (*) has degree 2, and so is an involution. An analogous argument works
defining (Sokazi -+ 2,)* =Zapty' - o'z, - 2,'(k) for arbitrary y; = +1.
The involution is of the first kind, since F is the center and it is r-invariant.

Q.E.D.

Write (K, G, U, B, 7) to denote the abelian crossed product (K, G, U, B) with
involution whose restriction to K is r (satisfying (5) and (6)). For the remainder of
the section, G =~Z,PZL.PHZ,, so that, for suitable & K = F(&, &, &), with
a;=¢EF, a(t&)= —§, and 0:(§) = § for i # j. Choose 7 = 0,0,05. Then the
conditions in the previous theorem have a simpler form. Write X, for the
symmetric group, i.e., all permutations of (1,2, 3); for m in 3, write sg 7 for the
sign (=1) of 7.

Further relations between the set U and B, to be used later, is given in the
following results:

THEOREM 2.2. Suppose U C K satisfies (1), (2) and (5) for T = 010,05 Put
V3= Uy, U2 = Us and v, = Ux; we have U.3= (U .1..2)*" for all m €3;, and:
(i) The v/’s satisfy the following two relations:
(2") vivvs= =1,
@) N(w)=1 fori=1,23.
(ii) There exists a set B ={b, by, b}, uniquely determined up to multiples by
elements of F, which satisfy for every m € 25
(4) omi(ba2)brz = Noo(v23)*7,
(5') a:(b;) = b.
(ii) The set {U, B} satisfies all the six conditions (1)-(6).

ProOF. (i) For 7 € 35, T = 010,03 = 0,10420.3; s0 by (5):
1= 07102203 (Un1,22) 00107 2(Un1,72) = O 1022 Nes(003)™ ™)
yielding (3'). Thus o;(v;) = v;" for all i, and (2) implies that:
v7'03'05" = 01(01) 0 V2)03(V3) = 1 (U)oU) T5(U12) = Unslizilsz = V1DV

Thus (v,0,05)° = 1 proving (2').

(ii) First we observe that U satisfies also (3); indeed, by (2):

NNt m2) = NptNoo(0,5)% 7 = N Noo(071055)% 7
= Nua(Nat(021)) ™7 Naa(Noo(02)) 7 = 1

yielding (3).
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The existence of the set B satisfying (4) follows now by (iii) of Remark 2.0. For
i =, (4) yields a:(b;) = b, that is (5'), and for i # j, it yields (4') by definition of
the v’s.

(iii) It remains to show that B satisfies also (6). By taking a permutation in
which 71 and 72 change places and another in which 71 and 73 changed, we
obtain from (4') and (3'):

UﬂZ(bﬂl)b;ll = N1r1(01r3)—sg‘” = ﬂ](vﬂlv‘rﬂ)ss" = m(vwz)sg" = 0-173(b‘rrl)b ;11 .
Thus, 0,2(b.1) = 03(b.1). Consequently, by (5'):
T(bﬂl) = O'ﬂlo'"zo'ns(bﬂl) = O'nzo'ws(bm) = Uiz(bm) = b,,

proving (6).
The converse of this theorem also holds. Namely,

THEOREM 2.3.  Given v,, v;, vs in K satisfying (2') and (3'), we can define for
every mE 23, Upina= (U3)%" and u; =1; then U = {u;} is well defined and
satisfies (1), (2) and (5) for T = 0100, and hence all conditions of Theorem 2.2.

Proor. Clearly U is well defined and satisfies (1). Reversing the first line of
(i) shows that (3") yields (5). Finally, by (3') and (2'), it follows that
01(v:)o(02)o3(v3) = v7'v3 03" = v,10,05, 50 (2) follows from Remark 2.0(i).

The preceding theorems also yield an interesting consequence on the elements
of B:

CoOROLLARY 2.4. Let B = {b,, b,, b} be determined in (ii) of Theorem 2.2, then
for every w € 3, b, € F(£,2£.3) N F(£,2)N,(K). In particular
(7) b1 € F(£2£:) N F(£)N(K) N F(&)Ni(K).

Proor. By (5') 0.1(b.1) = b.,, and by the proof of (iii) of Theorem 2.2, it
follows that o.,(b..) = o.i(b,,). That is, b, is invariant under o, and 0,,0,;
yielding b, € F(&.2¢.3).

By (3) and Hilbert’s theorem 90, there exists y € K with v.;= 0,:(y)y~".
Since 0,3(b.1) = 0.2(b.1), we apply (4') and get:

Uﬂ}(bnl)b:rll = UnZ(b-zrl)b:r[l = Nﬂl(vﬂz)ﬂg” = an(Unz(}’)yil)ngi

proving that w = b, N,.,(y)*” is invariant under o¢,,. But both b, (by (5')) and
N.:(y)are invariant under o, proving that b,., € F(&,,)N\(K), since w € F(£.»).
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By taking successively, 7 =(1,2,3), the identity, and = =(1,2,3) we
obtain (7).
The converse of Corollary 2.4 also holds:

THEOREM 2.5. Suppose 0# b € F(£:£65) N F(&)N(K)N F(€)N(K). Then
there exists V = {v,, v,, v;} (and hence a set U, by Theorem 2.3) satisfying (2'), (3')
and a corresponding B = {b,, b, b} (of Theorem 2.2) satisfying (4') and (5’)—_—
and b;=b.

PrOOF. Write b = a,N,(y,) = asNi(y3') with a; € F(&) and y; € K. Put v, =
oys)""ys vs= 03(y2)"'y2, and v; = (0,03)7"
By definition (2') holds, and also N(v;) = Ns(vs)=1. Moreover,

Ni(v3)™" = Ni(y2) 'os(N(y2)) = b"'o3(b) = b '05(b),

since  05(a))=ax; Ni(v:) = Ni(ys)a(Ni(ys)) ' = b 'oy(b) = b'as(b). Thus
Ni(v)) = Ni(v,03)"" = Ni(v;) 'Ni(v3)™" = 1, yielding (3'). Therefore, by Theorem
2.5, we have B satisfying (4') and (5). Moreover, from (5’) and the assumption of
our theorem, it follows that bbi' € F(&.£5). Hence:

a2(bb7")(bb7Y) ' = ao(b)b ' (oa(b1)bi ") = Ni(v3) 'Ni(vs3) = 1,

and likewise a3(bbi")(bb;")™" = 1, proving bb;' € F. We can now, clearly, replace
b, by b as desired. Q.E.D.

§3. Generic abelian crossed products with involution

Let K be a Galois extension of F, with abelian Galois group G =
(o) P - - - P (a,), each a; having order 2, and let U = (u;) be a set of elements in
K satisfying equations (1), (2), (3) of §2. The ‘“‘generic abelian crossed product”
of (2] determined by U is defined as follows:

Consider the ring of polynomials K|[x,, - - -, x,] in noncommutative indetermi-
nates satisfying the relations

xk =oi(k)x, kEK; xx; = ugxx;  foralli,j.

Then K[x,,- -, x,]} is an Ore domain over with a ring of quotients which is a
division ring written K(x,, - -, x,), whose structure can be described as follows
(cf. [2, theorem 2.3]):

Take B ={b,,--+,b,} as in Remark 2.0, which satisfy (4), and define y, =
b:'xZ. Then the CentK(xy, -, x,) = F(y:, -+, y,) which we denote by F'. The
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algebra K(x,, - - -, x,) is also a crossed product of the group G —in our notation,
of the form (K’, G, U, B'), where B’ = (x}, -+, x2) and K' = K(y,, - * -, y,) With
the automorphisms o € G extended to K’ by setting o(y;) = y; for all i. The
invariant field of K’ is then F(y,-- -, y,).

This is readily obtained (cf. [2]) when the x; take the place of the z; of section
2;and bi=x?= b(b:'x?) = by: € K'. The set {U, B}, now satisfies (1)-(4), since
the b} = x? are multiples of the b, by central elements.

Note also that K(x,, - - -, x,) is thus a finite dimensional algebra over its center
F', and K(x;,-*,x,) as well as the polynomial ring K[x,,---,x,] are PI-
domains. Therefore, K(x,,: -, x,) is the ring of central quotients (cf. [3]) of
K[x, - %]

This algebra will have an involution, if in addition we shall assume that
U = {u;} with respect to 7 € G will satisty (5) and B’, or equivalently B, will
satisfy (6). The second requirement is superfluous in two cases:

T =1; or, by Theorem 2.2, if g = 3, 7 = 0,003, where the U need only satisfy
(1), 2) and (5). In these cases K(x,, ", x,) will have an involution (*) whose
restriction to K’ is 7. Note that 7 fixes F' and so (*) is of the first kind.

NoraTtioN. The generic crossed product (K', G, U, B', r) will be denoted
henceforth by (K, U, 7). Write K[x] for K[x,, - -, x,]. Each element of K[x] can
be written uniquely in the form f = £k,x}" -+ x¢°, write v(f) for the element
kuxi'---x,® with largest u = (i1, -+, iq), k. #0 when ordered lexicographi-
cally. Also note that (x) acts on K[x]by (S k.x}" - - x5)*=Zx,* -+ x'7(k,).

ProposiTioN 3.1.  v(fifz) = v(f)v(f); if f#0 then v(f) #0; v(f*) = v(f)*
Proor. Clear by the definition. Q.E.D.

ProrosiTiON 3.2. Ifthe algebra A = (K, U, 7) is a product of quaternions, then
A has a q-generating set S containing 4° elements of the following form: Each
element of S has the form kX' ---x° where k;€ K and w,,- -, u, €{0,1};
moreover for each (u) there are 2% elements of S of the form kx{'-- - x,, and, in
particular, there are 2% elements of S N K.

ProoF. A has degree 27 so, by Proposition 1.2, A has a g-generating set
S, ={a,,---,a}, where t=4% Write a, = fg;', fi € K[x], & € Cent(K[x]),
1=i=t Then {f, - - f} is a g-generating set, so {v(f.),- -, v(f)} is a gq-
generating set. But each v(f;) can be written as ax\' - x2 a € K. Putting
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h=02], ja=[i/2}and ¢; = yye yl= (by--- b;")”‘xf"’ x -x:j" elements of
the center, we have »(f;)c;" is the desired form kix}" - - x % since ¢; € F’, we see
S={v(f)ci', - -, v(f)c:'} is a q-generating set.

For each (i ), the number of possible F'-independent elements with u; € {0, 1}
of the form kxi'---x,*is at most 2% and the number of different monomial
Xyt x:", is also 27; on the other hand the elements of the total number is 47;
since the elements of S are F'-independent, this bound must be achieved in S in
each subset {kx;"- - - x,*} for each (1) as required. Q.E.D.

We are in a position to present an important criterion for a generic abelian
crossed product with Galois Z,P Z.@ Z, to be a tensor product of quaternions.
From now on we restrict ourselves to the case q = 3.

THEOREM 3.3. Suppose T = 0,003, U satisfies (1), (2), (3) and B chosen by
Remark 2.0 to satisfy (4). Then the generic abelian crossed product A = (K, U, 1)
is a product of quaternions iff b, € FN,(K).

Proor. If A is a product of quaternions then the g-generating set of
Proposition 3.2 will contain some element kx,, and so (kx,)* € F’ = Cent(A ). But
(kx,)* = kay(k)x?} = koy(k)b,y, (where y,=bi'xi€ F’), implying ko.(k)b, €
F'NK =F, ie. b€ FN\(K).

Conversely, if b,ko,(k) € F for some k in K, then (£, kx,) is a g-generating
set of A (notation as preceding Theorem 2.2), so by Proposition 1.1(ii), A has an
F’-quaternion subalgebra Q,; thus A = Q,Qr A’, where A’ is the centralizer of
Q,in A. Now A has exponent 2 in the Brauer group, by [1, p. 161, theorem 19]
so A’ has exponent 2, implying A’ is a product of quaternions, hence A is a
product of quaternions. Q.ED.

When (K, U, 1) is a tensor product of quaternions, our next result is a
necessary and sufficient condition for one factor to be invariant under the
involution.

THEOREM 3.4. Suppose U and B satisfy (1)-(6) with respect to r=1. If
A =(K,U,1) is a product of quaternions invariant under the involution (*)
described above, then b, = aN,(k) for suitable « € F, k € K, with o(k)= *k.

ProOF. By Proposition 1.3, A has a g-generating set of elements {r;," - -, r;}
where t = 2% with r1 = *r, 1 =i =1t In the construction of S in Proposition 3.2,
we see (¢;'v(r))* =c;'v(r¥)= xci'v(r). Thus, S has some element kx; with
(kx, € F’ and (kx,)* = = kx,. Hence b, € FN,(k") as in Theorem 3.3, and
+ kx, = (kx,)*xk, implying o, (k") = £ k. Q.E.D.
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Conversely, if b = aN,(k) with o,(k) = *k, then (£, kx,) are a g-generating
set with (kx,)* = kx,, so A has a (*)-invariant quaternion subalgebra.
We now can give our criteria.

THEOREM 3.5. Suppose q = 3, notation as before Lemma 2.2, and v = 0,0,05.
If there exists b satisfying (7), i.e. b € F(&£:) N F(&)N(K) N F(&)N(K) but
b & FN(K) then there is a generic abelian crossed product A = (K, U, 1) for some
U, such that A is a division algebra of degree 8, with involution, which is not
isomorphic to a tensor product of quaternion algebras.

Proor. By Theorem 2.5, we get v, v, 05 and B, with b, = b, satisfying
(2')-(5'); using Theorem 2.2, we get U satisfying (1)-(6), yielding a generic
abelian crossed product A = (K, U, 7) with involution. By Theorem 3.3, A is not
a product of quaternions.

THEOREM 3.6. Suppose q =2, K = F({,, &), with (€ F and o.(¢)= - &,
gi(&)=¢& forj# i If b€ FN(K) and b & Fa® for all a € F(¢,), then, fort =1,
the generic abelian crossed product with involution A = (K, G, U, 1) is a tensor
product of quaternions but has no quaternion subalgebra invariant under the
involution.

Proor. Write b =aN,k), for a €F, k€K Let un=un=1, uy=
a105(k)k™, and u,> = u3'. Then (1), (2), 3), and (5) hold and, by Remark 2.0,
there exists B = (b,, b,) satisfying (4) (and trivially satisfying (6)). Also b,b™'€ F
since o(b,b™") = b,;b™" and a,(b:b7")(bib™")" = (a:(b:)b7") (a2(b)b7Y)"

Ni(uz0) (0o Ni(k ))}\il(k)_l)_1 = Nl(u‘.’l)Nl(uZl)‘l =1.

Hence we may replace b, by b. Construct (K, U, 7), which by Theorem 3.4, will
be a product of (*)-invariant quaternions iff b € FN,(a,) with oi(a,) = = a,.
Then for some a in F(&,), either ag= a or a,= a¢;, implying in either case
b = Fa? contrary to hypothesis.

§4. Equivalent conditions

To show there exist fields K and an element b which satisfy the hypothesis of
Theorem 3.6, we replace these conditions by equivalent or weaker ones. A
different method of obtaining these results will be given in section 6.

Suppose HD L is a finite field extension and T is a subset of H. Write
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N(T;H/L) for {norm(x)|x € T}, the norm taken from H to L, and write
N(H/L) for N(H; H/L). We take K = F({, &, &) as described preceding
Theorem 2.2. Note that N;(&)= — &= —a, and Ni(§) = ¢ = q; for j#i. Let
Fy = F(&:¢5).

Lemma 4.1. N(K)N F, = N(F\(£)/F)N(F\(£,6:)/F)).

Proor. (2 )istrivial, because each norm on the right is contained in the left.

To prove (C), suppose a=Nyu)eEF,, If u€F\() then a=
N(u)& N(F\(¢,)/F,)- 1 and we are done; thus we may assume u & F,(¢;). Then
u = u,(uz+ &) for suitable u,, u, in F\(¢,), since 1,£&, are a base of K over
Fi(é&)=F(£,6:¢); hence a=N,(u)=N(u)N(u+§&)EF, implying
Ni(u;+ &) € Fi. But Ny(uz2+ &) = Ni(u2) + &(us + 0(u2)) + as, so uy + o(uz) =
0, implying u, = wé, for some w in F;. Now,

a = N,(u)= N(u)(— Ni(w)a: + a;) = N,(u,E)N(w + a7 '¢,62)

€ N(F:(&)/F)N(Fi(é.8:)/F)). Q.E.D.

CoroLLARY 4.2. If b € FN(K) N F(&:£), then
N(b; F\/JF)€ N(F(£)/F)[N(F(£.£)/F) 0 N(F(&:£,)/F}.
Proor. Write b = aa for a € F, a € N\(K) N.F,, and we use our notation
F, = F(£:¢). By Lemma 4.1, a € N(F\(&)/F.)N(F\(£,£)/F)), so
N(b; F\/F)= a’N(a; F\/[F)€ a*N(N(F\(¢&)/F)); F\/F) - N(N(F\(£,£,)/F)); F\/F).

Now N(N(F.(&)/F\); FiJF) = N(F,(¢&)/F) = N[N(F.(&.)F(£)); F(&)/F)C
N[F(¢£)/F]; and likewise N[N(Fi(&&)/F); F./F}= N[F\(&.&)/F]=
N[N(F\(§&)F(£:£2)); F(6&)/FIC NIF(4£)/F), and also N(F\(£&)/F)=
N(N(F\(&:&)/F)); F\/F)C N(F,/F). Thus

N(b; F./F)€ a’N[F(&)/F][N(F(£:£)/F) N N(F\/F)]
C N[F(&)/F][N(F(¢:£)/F) N N(F(£:£5)/F),
F,= F(§2§3)-

The conditions for b in Theorem 3.5 can be modified by the following result.

Lemma 43. Let bEF(&,&), then bEF(EL)N(K) iff Nib)E
N(F(¢, &)/IF (&)
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Proor. If b = a;N(k) for a,€ F(&,), then
N5(b) = Ny(a;)N5(Ny(k)) = aiN,(N3(k ) = Ni(az2Ns(k)),

and. azN:;(k) (= F(§1, fz)
Conversely, suppose Ni(b)= Ni(ko) for some ko€ F(&,,&), and let k =
b + ko. Writing kg for ko+ ai(ko) € F(£,), we have

Ni(k)= Ni(b + ko) = b* + bk §+ Ny(ko) = b> + bk i+ Ny(b) = b(b + os(b) + ks).
But (b + 03(b)) + ks € F(£,), we are done unless k = 0; then
b= - koe F(fZa §3) N F(gl’ gZ) = F('§2)’

and we can take k = 1. Q.E.D.
If b € F, then o3(b) = 02(b), and the analogous result to Lemma 4.3 with o,
and o reversed yields:

CoROLLARY 4.4. An element b satisfies (7). That is, if b € F(&£&), then
b € F(&)N(K) N F(&:)N(K) iff

Na(b) = N3(b) € N[F (&, £2)/F(62)] N N[F(&,, £)/F (£5)].

§5. The counterexamples

THEOREM 5.1. Letf F = Q(A), the field of rational functions in an indetermi-
nate over the rationals Q. There is a Galois extension K = F(&,, &, &) over F of
degree 8, with £ € F, and U = (u;;) CK satisfying equations (1), (2), (3), (5), such
that (K, U, 1) is a domain algebra of degree 8 with involution (of First Kind), not
isomorphic to a tensor product of quaternions. (Here G = (o) @ {02) @D (o3) has
exponent 2.)

Proor. Take £2= —1, 5= —(A*+1), and ¢35 = A. By Theorem 3.5, we need
only find b € F(£:£5) N F(&)NA(K) N F(£)N(K) with b & FN,(K). Take b =
nga (S F(§2§3) Then

Nz(b) = N}(b) = /\()\2+ l)
= NiG&[(A — 1= &)+ (A — 1+ £)é)] = Nif(&:6) (A6 - 1)]

so, by Corollary 4.4, b € F(&)N,(K) N F(&)N,(K).
It remains to show b & FN,(K)), which is more difficult. By Corollary 4.2, we
need to prove

N(b; F\/[F) = Ny(b) & N(F(&)/F)[N(F(£:£2)/F) N N(F(£:¢5)/F)].
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We shall in fact obtain a contradiction, from its negation that

A(A%+ 1) = Ni(f)N(f>; F(6:6)/F) = Ni(f)N(fs; F(263)/F)

for suitable f; in F(¢)), f>in F(£,£&2), fs in F(&:£). There exist polynomials 0 # g,
81 82 8% 8+ 8s 86 € Z[A] such that fi' = (g:+ g-61)g ™', f2=(g>+ g.£1£2)g ™, and
5= (gs+ get2£:)g . Clearing out g, we get

@) A(A*+1)(gi+gl)=gi-(A*+1)gi=gi+ A(A*+1)gi.

However, we shall show (8) is impossible; otherwise choose a solution with the
greatest common divisor of gy, g2, g3, g+, &5, 86 (in Z[A]) equal to 1. Taking the
canonical homomorphism in (Z/2Z)[A] (and noting that (¢ + d)* = ¢*+ d*) yields

O) A+ 1Y@+ & = (§+ (A + 1)g) = g3+ X(A + 1)°g%.

By unique factorization, noting that A occurs to an odd power in the left-hand
side and to an even power in the middle, we get all sides equal to 0. Hence

(10) gl g2)

(11) 83 (A + 1)84,

(12) gi=x(A+1)g

Applylng the same argument to (12) yields gs=0, so g,=0. Thus 2|gs and
2| gs, implying 4|(g3+ A(A%+ 1)gd). Thus, by (7), 4](A*+ 1)(g} + g3), yielding

(13) 4|(gi + g2);
likewise

(14) 4]gi-(A*+1)gi
From (10) we can write g, = g, + 2h, for some h, = Z[A]; then, by (13), 4 divides
2g3+4g.h+ 4h3, implying 2| g, and therefore also 2|g..

From (11) we also can write g; = (A + 1)g.+ 2h; for some h;in Z[A]. By (13),4
divides (((A + 1)ge+ 2R — (A% + 1)g3) = 2Ag5 + 4(A + 1)gahs+ 4h3, so 2] g4; thus
2|gs also. Hence 2|g for each i, contrary to their g.c.d. being 1. This
contradiction shows (13) holds. Q.E.D.

The second counterexample is easier.

THEOREM 5.2. Thefield F = Q(A) has an extension K = F(&,, &) with ;€ F,
U CK, such that (K, U,1) does not have any quaternion subalgebras invariant
under the given involution (Here G = (o) (0,).)

Proor. Take £1=2,&=A,andb = A —1+2¢&,. Then b = Ny(&,+1- £); on
the other hand, f(A)b is not a square in F(&;) = Q(VA), as can be ecasily seen
through unique factorization in the ring Q[V/A]. Thus we are done by Theorem
3.6. Q.E.D.

Remark 5.3. If we take K, F as in Theorem 5.1, and for ¢ >3, letting



Vol. 33, 1979 INVOLUTION IN DIVISION ALGEBRAS 147

&, -, & be commutative indeterminates over K, define K, = K(&,,- -+, &) and
F, =F(&, -+, €3 CK,; then K, is Galois over F, with Galois group G, =
Z.+ -+ +Z,, taken t times.

Define U, by taking u; = 1 whenever i >3 or j >3, otherwise take u; from U.
One sees easily that (K, G, U, 0,0,03) also is an abelian crossed product of
degree 2' with involution, not a product of quaternions. A similar construction
will extend Theorem 5.2.

§6. Another proof of the results of §4

We can motivate the results of §4 through quadratic descent. Consider the
quaternion F-algebra Q = (a, B;F). Then there are elements y; in Q, with
yi=a, y3= B, such that y,y,= — y,y,. We can view Q as a cyclic algebra with
maximal subfield F(y,;) whose nontrivial automorphism o over F is given by
conjugation by y.. By Wedderburn’s criterion, Q = M,(F) iff 8 is a norm (with
respect to o) of some element of F(y,). Let us follow the notation preceding
Lemma 2.2.

Remark 6.1. b € FN,(K) iff, for some element « in F, (a™'b, a;; F(&;, &)=
M,(F) which, by various easy, well-known properties of the quadratic symbol,
says

(b, as; F(&2, £3)) = (o, @y F)QeF (&, &)

LEmMmA 6.2.  For any quadratic extension L of F, with nonzero elements 3 in F
and x in L, we have some vy in F with (B,x;L)=(B,v;L), iff (B, N(x);F)=
M,(F) (where N denotes the norm with respect to the nontrivial automorphism o of
L over F).

Proor. By [1, theorem X.16], (8, N(x); F)~ My(F) iff (8,x;L) has an
involution of the second kind whose restriction to L(\/E) is an automorphism
commuting with o. Now this is certainly the case if (8, x; L)~ (B, y; L), because
(B,v;L)=(B,v; F)®rL, so we could take an involution (*) of the first kind on
(B, v; F) inducing the nontrivial automorphism of F(VB), and consider *® o,
the converse is [1, theorem X.21]. Q.E.D.

LEmMa 6.3. Forany B,y in F, if (B1, vi; F)= (B2, v2; F), then, for some p in
E, we have (B, yy; F)=(Bi, u; F)= (B2, s F) = (B2, 723 F).
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Proor. View Q = (B, y1; F) = (B2, v2; F). If Q = M,(F), take u = 1. Other-
wise take x,y, in Q such that x’= g and yi=v. If [x),x;)=0 then x,=
v1X:1 + v, for suitable y, # 0, v, in F; since x3€ F we get y, =0, so we can take
w =y If [xi, x5) #0 then xi[x, x2) = — [xi, x:]x: for i = 1,2, so we can take
u =[xy, x2)% Q.E.D.

We are now ready for an alternate proof of Corollary 4.2. By Remark 4.1, we
may assume for suitable B in F, that

Mx(F (&2, &5)) = (Bb, as; F(&;, £3)) = (Bb, ai; F1) @ F(&,, £3),

implying F(&2, &) splits (Bb, ay; F;) and is thus a maximal subfield. Thus, for
some w in Fy, (a;, Bb, F,) = (Bb, a; F\) = (a2, w; Fy) (since F(&,, &) = Fi(£,)). By
Lemma 6.3, for some w' in F), (a;, Bb; F\)=(a;, w'; F\)=(a,, w’; F;). Thus
(a1, w'; F) = M,(F,), implying by Wedderburn’s criterion w'€ N,(F(£.£2)).
Also (a, Bb - w'; F\) = M,(F,), yielding (a,, bw'; F})=(a,, B; F,). By Lemma
6.2, (a;, Ns(bw'); F)=MyF), so Nibw)EN(F(&)) and Ni(b)E
Ny(F(£&)/F)Ns(w)™"). But w'=Ny(k™") for some k € F(&:&,6:¢5), so
Ns((w')™") = N3(Ni(k)) = Ni(Ns(k)), proving the assertion. Q.E.D.
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