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DIVISION ALGEBRAS OF D E G R E E  4 
A N D  8 WITH INVOLUTION 

BY 

S. A. AMITSUR, L. H. ROWEN* AND J. P. TIGNOL** 

ABSTRACT 

We develop necessary and sufficient conditions for central simple algebras to 
have involutions of the first kind, and to be tensor products of quaternion 
subalgebras. The theory is then applied to give an example of a division algebra 
of degree 8 with involution (of the first kind), without quaternion subalgebras, 
answering an old question of Albert; another example is a division algebra of 
degree 4 with involution (*) has no (*)-invariant quaternion subalgebras. 

w Introduction 

In this pape r ,  F deno te s  an a rb i t r a ry  field of charac te r i s t i c  J 2, and  R is a 

cent ra l  s imple  F - a l g e b r a .  A n  involution (of the  first k ind)  of R is an anti-  

a u t o m o r p h i s m  of deg ree  2 fixing F. T h e  classic r e fe rence  on cent ra l  s imple  

a lgebras ,  with or  wi thout  involu t ion ,  is [1] (especial ly  sect ion X), and  some  

posi t ive  gene ra l  resul ts  were  given in [4]. 

It is well  known that  [R : F ]  = n 2 for  some  n ;  n is ca l led  the  degree of R. 

Then ,  for some  uniquely  d e t e r m i n e d  na tu ra l  n u m b e r  k and some  division 

a lgebra  D, we have  R ~ Mk(D), the  a lgebra  of k • k mat r ices  with ent r ies  in D. 

If d e g ( R )  -- 2, we call R a quaternion F-algebra. In this case,  the re  are  e l emen t s  

a l ,  a2, in R such that  O J a 2 E F ,  O J a ~ E F ,  a ,a2=-a2a~ and  R =  

F +  Fal + Fa2+ Fala2; le t t ing a~ = a~, we d e n o t e  R by the symbol  (a~, a2; F ) .  R 

has  an involu t ion  (*), given by 

(T1 + T2az + T3a2 + Taala2)* = T1 -- y2al  - Taa2 - T4aza2. 

*The research of the second author is supported by the Anshel Pfeffer Chair. 
**The third author would like to express his gratitude to Professor J. Tits for many stimulating 

conversations. 
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Conversely, given a,,  a2 in F, we can construct (al, a2;F)  by taking formal 

elements a~, i = 1, 2, and defining R = F + F a ,  + Fa2  + F a l a 2 ,  with multiplication 

induced by the rules a~= a~ and a~a2 = - a2a l .  

Any tensor product (over F) of m quaternion F-algebras is of degree 2 m, and 

has an involution given by the tensor product of the respective involutions. On 

the other hand, any central division algebra D with involution has degree 2 m for 

some m, and Albert [1] showed D is a tensor product of quaternion subalgebras 

when rn = 2. The following famous question thus arises: 

QUESTION A. If a central simple F-algebra of degree 2 m has an involution, is 

it isomorphic to a tensor product of quaternion F-algebras? 

It suffices to consider only division algebras, and the first stage to consider is 

m --3. A related question of interest is 

QUESTION B. Suppose R is a tensor product of quaternion algebras and has 

a given involution (*). Is R then a tensor product of (possibly different) 

(*)-invariant quaternion subalgebras? 

The main object of this paper is to give a negative answer to Question A; we 

have a division algebra D of degree 8 with involution, which is not a tensor 

product of quaternions. It is noteworthy that by a theorem of Tignol [5], M2(D) 

is a tensor product of quaternions. (Our construction also works for m _--> 3.) 

We also provide a counterexample to Question B, of degree 4. Namely, there 

is a division algebra Q 1 @ Q 2  with involution (*) without any (*)-invariant 

quaternion subalgebra. (In this case, the involution must be of orthogonal type, 

by [4, theorem B]). The method is to study abelian crossed products (cf. [2]), 

giving necessary and sufficient conditions for an involution to exist. Comparing 

these criteria with the structure of tensor products of quaternion algebras, 

applied to "generic abelian crossed products", we arrive at the counterexamples. 

w Tensor products of quaternions 

Let R be a central simple algebra with a center F. A set of elements S = {r,} is 

called a quaternion generating set, or in short a q-generating set, if: 
(1) 0 J r E E F, 

(2) r, rj = • %r,, 
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(3) if i ~ j ,  then there  exists r~ C S such that  rk commute s  with one  of {r,, rj} 

and an t i commutes  with the other .  

Note  that  if r, rj = - rjr, we can choose  rk = r,. 

PROPOSITION 1.1. (i) A q-genera t ing  set S is F- independen t .  

(ii) I f  {rl, r2} is a q -genera t ing  set, then also {1, rl, rz, r~r2} is a q -genera ted  set, 

and  Q = F +  Frl + Fr2 + Frlr2 is a quaternion  F-algebra .  

PROOF. (i) Let  E~=l a~r~ = 0, with k minimal .  If some  a~ J 0, then at least two 

of t hem are non-zero;  say c~1, c~2 J 0. By definition, there  exists an r E S such 

that  [r, rl] = rrl - rlr = 0 but [r, r2] J 0. Then  

- -  - o ~ i r ~ r  

where  the sum ranges  over  all i such that  0 J [r, r~ ] = - 2r~r. In par t icular  the sum 

will contain a2 but not a l ;  hence,  by the minimal i ty  of k we must  have  a, = 0 in 

E', which is a contradic t ion since a2 ~ 0. 

Part  (ii) is s t ra ightforward.  Q .E .D .  

PROPOSITION 1.2. Suppose  d e g ( R )  = 2'. R is a tensor product  o f  quaternion  

F-algebras ,  iff R has  a q -genera t ing  set S conta in ing  4' e lements  (in which case, S 

is a base o f  R ). 

PROOF. Suppose  R = Q1Q2 " " " Q, "~ Q1 ~ " " ~ Q,, where  Q, = F + 

F t ,  + Fr2i + Fray, is a qua te rn ion  F -a lgeb ra  and r3~ = rlir2i. Put r0~ = 1. Then 

S = {r~lr~22.. �9 r~,, I i~ = 0, 1, 2, 3} is the requi red  base.  

Converse ly ,  suppose  such a q -genera t ing  set S exists, take  rl, r: in S with 

rlr2 = - r2rl, and let QI be  the qua te rn ion  suba lgebra  genera ted  by rl and r2, cf. 

Proposi t ion 1.1. Then  R = QIR1 ~ Q1 ~ F R 1 ,  where  R1 is the central izer  of Q1 in 

R. We  claim that  $1 = S t3 R1 is a q -genera t ing  set having 4 '-1 e lements ;  since 

deg(R1) = 2 '-1 we could then conclude by induction.  

T o  p rove  our  claim, note  that  if r~ E S, e i ther  r, E R1 or r. ~ R1; and if r~ ~ R1, 

then ei ther  r~rl = - rlr~ or rur2 = - rEr~,. Write  ru = p0 + plrl + p2r2 -Jr- p3rlr2, where  

p~ E R1. O n e  sees easily that  exactly one  of the p~ is non-zero .  Thus  S = 

To U Tlrl  U T2r2 U T3rlr2 with T, _C R1. Since these e lements  are F - i ndependen t ,  

the n u m b e r  of e l ements  of each T~ is at most  [R1 : F]  = 4 '-1. T h e  total  n u m b e r  is 

4' = 4 . 4  '-1, so To contains  4 '-1 e lements ;  clearly To = S f3 R1 is a q -genera t ing  

set. Q .E .D .  
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PROPOSITION 1.3. Suppose deg(R)=  2' and R has an involution (*). R is a 

product of  (*)-invariant quatemion subalgebras iff R has a q-generating set 

S = {r~ I 1 _-< u _-< 4'} satisfying Proposition 1.2, with r* = +- r~ for each ru. 

PROOF. AS in Proposition 1.2, taking note of the additional facts that Q~ is 

(*)-invariant if r* = -r~ for i = 1,2, in which case the centralizer of Q1 is also 

(*)-invariant. 

w Abelian crossed products 

This section is based on [2], with the roles of K and F reversed. Suppose R 

has a maximal subfield K which is Galois over F, having abelian Galois group 

G =(o,1)~)-- .~)(trq),  a direct sum of cyclic groups of order 2, i.e. G ~  

Z E ~ ) ' " G Z 2 .  Define N~(x)=xc6(x ) ,  the norm with respect to o'i. Ni is 

multiplicative and commutes with all tr s and Nj. By the Skolem-Noether 

theorem we may choose z, such that ~ri(x)= z ,xz ;  1 for all x in K. Define 

u~ = z~zjz?~z[ 1 and b~ = zT', 1 _-< i _-<q. All u 0 and b~ are in the centralizer of K, 

which is K itself. Write U for {u~ s I 1 <= i,j <= q} and B for {b~ I 1 _-< i =< q}. By [2, 

lemma 1.2], the following conditions are satisfied: 

(1) u, = 1 and u~ ~= us~ for all i ,j; 
(2) O'~(Ujk )O's(Uk, )O'k (U~s ) = U~U~,U,j for all i, j, k ; 
(3) N,(Nj(uq))= 1 for all i , j;  
(4) o's(b,)b; ~= N,(uj,) for all i,j. 
Conversely, suppose K is any abelian extension of F with Gaiois group 

G = (o-z)~).. .  O(o'q), and suppose U , B  C_ K satisfy conditions (1)-(4). Then, 

by [2], there is a central simple F-algebra R uniquely determined (up to 

isomorphism), having K as a maximal subfield, and {zl,. �9 Zq} C_ R such that the 

above system holds. Thus K, G, U, and B determine R, and we denote R as 

(K ,G,  U ,B) .  

Note that we can replace any b ~ B by ab, for arbitrary a in F, for (4) is still 

satisfied. Using [2], we also have the following observation: 

REMARK 2.0. (i) Condition (2) is subsumed by condition (1) except when 

i, j, k are distinct; 

(ii) if U, B satisfy (1), (2), and (4), then U satisfies (3); 

(iii) conversely, if U satisfies (1), (2), and (3) then there is some B, whose 

elements are uniquely determined up to multiplication by elements of F, 

satisfying (4). 
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Indeed,  (i) is obvious, and (ii) is clear because N~ (N~ (ui,)) = N~ (% (b,)b;-') = 1. 

To see (iii), we get B from the generalization of Hilbert 's  theorem 90 ([2, l emma 

2.4]), in particular from [2, equation (14)] (which has a misprint which should 

read a~r~(a~) = v,~ = N~(u~) for all i ~  k), where we choose b~ = a;  -~. The 

uniqueness is clear from (4). 

THEOREM 2.1. Let r ~ G and suppose R = (K, G, U, B ). The following condi- 

tions are equivalent: 

(i) R has an involution of the first kind; 
(ii) R has an involution whose restriction to K is ~; 

(iii) By modifying suitably U and B, we may write R = ( K , G , U , B )  also 

satisfying the following additional conditions: 

(5) z(u~)t~o~(u~i)= 1 for all i,j, 

(6) ~'(b,)= b, for all i. 

In fact, we can then select the involution (*) such that for arbitrary/.t~ = +_ 1, 

z * = p.,z,, and the restriction of (*) to K is ~'. 

PROOF. (i) =)' (ii) parallels [4, proposition 5.4 and 5.5] and is omitted;  

(ii) =), (i) is trivial. 

(ii) ::), (iii). Suppose (*) is an involution on R whose restriction to K is z, then 

it is clearly of the first kind. For  all k in K, z,k = o'i(k)z, ; taking (*) on both sides 

yields r (k)z * = z * r (cri (k)). Replacing k by z (~  (k)) yields o'~ (k)z * = z * k. Thus 

z?~z*k--z?~o'~(k)z *= kz;~z *, so z;~z * centralizes K, implying z:,~z*~K. 

Hence z* ~ z,K, so z~ + az* E z,K for each a in F. Since all elements of 

z iK-{0}  are invertible, inducing o-~ as their inner automorphism,  we may 

replace z~ by ,~ = z~ + / ~ z *  for suitable /~ in { + 1 , -  1}; then ~* =/.t~i. Let 
/~ = ~ and t~ = ~,~j~7~ -~. Clearly ~'(b~)= ~* =/~2~2 = b~, yielding (6); also, 

since t~j,~i~j = g~ ,  yielding (5) in view of (1). 

(iii) ~ (ii). Define (*) on R as follows: Writing a typical e lement  of R 

(uniquely) as Eok~z~'...  z~ ~ summed over all a = (a~ , . - . ,  a~ )E  {0, 1} ~, with k~ 
~ t  

in K, define (E~k,z~' . . .  z ~ )  *=  E~z~ . . . .  z~"c(k). The following verification 

check (*) is an anti-automorphism: 

(i) (k~k2)* = ~ - ( k , k : ) =  r(k:k~)= (k:k~)*;  
(ii) (kz,)* = z , ~ - ( k ) =  z*k *; 

(iii) (z~)* = b* -- ~-(b~)= b, = (z*) ~ (here we used (6)); 

(iv) for i < ] ,  (z,zj)* -- zjz, -- z ~z ,, 
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(v) for i >/' ,  (z,zj)* = (uozjz,)* = z,zjz(u~j) = z,zjo.,o.j(uj,) = uj,z,zj = zjz, = z *z  '; 

(here we used (5)). 

But (*) has degree 2, and so is an involution. An analogous argument  works 

defining (E~k~z  ~' . . . z ~") * = E ~  ~' . . . iz ~"z ~ . . . .  z ~'(k ) for arbitrary /.t, = _ 1. 

The involution is of the first kind, since F is the center and it is ~'-invariant. 

Q.E.D.  

Write  (K, G, U, B, r )  to denote  the abelian crossed product (K, G, U, B)  with 

involution whose restriction to K is I" (satisfying (5) and (6)). For the r ema inder  o[  

the section, G - ~ - Z 2 ~ ) Z 2 ~ ) Z z ,  so that, for suitable ~,, K = F ( ~ , ~ 2 , ~ 3 ) ,  with 

or, = ~ E F ,  o'~(sr~) = -s% and o'i(srj) = ~i for i J j .  Choose r = o'~o-2o'3. Then the 

conditions in the previous theorem have a simpler form. Write E3 for the 

symmetric group, i.e., all permutat ions  of (1, 2, 3); for 7r in E3, write sg 7r for the 

sign (___ 1) of rr. 

Further  relations between the set U and B, to be used later, is given in the 

following results: 

TrmOREM 2.2. Suppose  U C K satisf ies  (1), (2) and  (5)]:or ~" = o.,o'2o.3. Pu t  

v3 = u12, vz = u31 a n d  vl  = u23; we h a v e  v,~ = (u, ,x. ,2)  ~"  ]:or all  7r E "23, and :  

(i) T h e  v , ' s  sa t is fy  the ]:ollowing two relat ions:  

(2') v,v2v3 = +-1, 

(3') N, (v , )=  1 for  i = 1,2,3. 

(ii) There  exis ts  a set  B = {b,, b2, b3}, unique ly  de t e rmined  up to mul t ip les  by 

e l e m e n t s  o f  F, wh ich  satis[y ]:or every  1r ~ "Z3 

(4') o',~,(b,,2)b;~ = N,,z(v, ,3)"",  

(5') o', (b,) = b,. 

(iii) The set {U, B} satisf ies  al l  the six condi t ions  (1)-(6). 

PROOF. (i) For  rr E E3, z = o',o'2o'3 = o',,,o',,2o',,3; so by (5): 

1 = o' . , ,o' .2o' .3(u. , , . .~)o' . ,o' .2(u, . , , .2)= o' . ,o'~2(N.3(v. .3)"") 

yielding (3'). Thus o'~(vi)= vi-' for all i, and (2) implies that: 

V l l V 2 1 V 3 1 =  Orl(Vl)O.2(V2)O'3(V3)-~ O'I(U23)O.2(U31)O'3(U]2)= U23U31U12 = VlV2V3 . 

Thus (Vlt)2V3) 2:--- 1 proving (2'). 

(ii) First we observe that U satisfies also (3); indeed, by (2'): 

-1 -1 sg~" N,,1N,~2(u,,I.,,2) = N,,1N,,z(v,,3) sg" = N,~1N=2(v,,,v,,2) 

= N,~2(N,,,(v,~1)) - ' s " "  N,~I(N,,2(v,~2)) -'s'~ = 1 

yielding (3). 
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The existence of the set B satisfying (4) follows now by (iii) of Remark  2.0. For  

i = ./, (4) yields o'~ (b~) --- b,, that is (5'), and for i J j, it yields (4') by definition of 

the v's. 
(iii) It remains to show that B satisfies also (6). By taking a permutat ion in 

which r and 7r2 change places and another  in which zrl and 7r3 changed, we 

obtain from (4') and (3'): 

~r=2(b~,)b-fl, = N,,,(v,,3) -'*'~ = N,,(v,,,v,,2) "*'~ = N,,,(v,~:f*" = tr, x(b~,)b-~',. 

Thus, o',,2(b,~,)= tr,~a(b,,,). Consequent ly ,  by (5'): 

r(b~,) = o',~,o',,2o',,,(b,~,)= o-,,2o-,~,(b=,)= or~z(b,~l)= b,,, 

proving (6). 

The converse of this theorem also holds. Namely,  

THEOREM 2.3. Given Vl, V2, V3 in K satisfying (2') and (3'), we can define for 

every ~-E E3, u ~ 2  = (v~3) ~g" and u, = 1; then U = {u,j} is well defined and 

satisfies (1), ( 2 ) and  (5)for  r = ~r~tr2tr3, and hence all conditions of Theorem 2.2. 

PRooF. Clearly U is well defined and satisfies (1). Reversing the first line of 

(i) shows that (3') yields (5). Finally, by (3') and (2'), it follows that 

o',(v,)o'2(v2)~r3(v3) = vT~v2'v3 '= v~v2v3, so (2) follows from Remark  2.0(i). 

The preceding theorems also yield an interesting consequence  on the e lements  

of B: 

COROLLARY 2.4. LetB  = {b,, b2, b3} be determined in (ii) of Theorem 2.2, then 
for every 7r E E3, b,~, E F(~,~2~,,3) f3 F(~E)N~,(K). In particular 

(7) b, E F(~ESC3) (3 F(~:)N,(K) n F(~3)N,(K). 

PROOF. By (5') tr,~,(b,~,)= b,,,, and by the proof  of (iii) of Theorem 2.2, it 

follows that tr,~:(b,~,)= o-,,3(b~,). That is, b,~l is invariant under  o-,., and o',.2o-.~ 

yielding b,~l E F(~,~2~,~3). 

By (3') and Hilber t ' s  theorem 90, there exists y E K with v,.3 = o',~3(y)y -t. 

Since o',~3(b,.)= tr,.2(b,.), we apply (4') and get: 

o-,~3(b,~,)b~', = cr~2(b~,)b;', = N,,,(v,,~) -~*~ = N,,,(o-,~3(y)y ,)-s,,,, 

proving that w = b,~,N,~,(y) ~g" is invariant under  0-,~3. But both b,,, (by (5')) and 

N,,,(y) are invariant under  try, proving that b,~, E F(~,,2)N,(K), since w • F(sC,~2). 
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By taking successwely, 7r = (1,2,3), the 

obtain (7). 

The converse of Corollary 2.4 also holds: 

identity, and 7r = (1,2,3) we 

THEOREM 2.5. Suppose 0 J b E F(~C2sr ( '1F(&)NdK) n F(~3)NdK).  Then 

there exists V = {v~, "02, v3} (and hence a set U, by Theorem 2.3) satisfying (2'), (3') 

and a corresponding B = {bl, b2, b3} (of Theorem 2.2) satisfying (4') and ( 5 ' ) -  

and b~ = b. 

PROOF. Write b = azN,(y2) = a3N,(y~') with a, ~ F(~r and y, E K. Put vz = 

orz(y3)-'y3, "03----O'3(y2)-ly2, and v~ = (v2v3)-'. 

By definition (2') holds, and also N2("02)= N3(v3)= 1. Moreover, 

N~(v3) - ' =  N,(y2)-~o-3(N(y2))= b-~o-3(b)= b-~tr2(b), 

since 0-3(a2) = a2; N,(v2) = Nl(y3)o-2(N~(y3)) -~= b- 'crf fb)= b-~o'3(b). Thus 

Nl(v~) = Ndv2v3) -I = N~(v2)-~N~(v3) -~ = 1, yielding (3'). Therefore, by Theorem 

2.5, we have B satisfying (4') and (5'). Moreover, from (5') and the assumption of 

our theorem, it follows that b b ; ' ~  F(~2~3). Hence: 

o'2(bbT')(bb(') - ' =  o'2(b )b-'(o'2(b,)bT') -~ = N,(v3)- 'N,(v , )  = 1, 

and likewise tr3(bb?1)(bbT') -' = 1, proving bb71 E F. We can now, clearly, replace 

b~ by b as desired. Q.E.D. 

w Generic abelian crossed products with involution 

Let K be a Galois extension of F, with abelian Galois group G = 

(o-i) (~) �9 �9 �9 O (o'q), each o-~ having order 2, and let U = (u,) be a set of elements in 

K satisfying equations (1), (2), (3) of w The "generic abelian crossed product" 

of [2] determined by U is defined as follows: 

Consider the ring of polynomials K [ x , , . . . ,  xq] in noncommutative indetermi- 

nates satisfying the relations 

x~k = cr~ (k)x,, k E K ; x,xj = u~ixjx, for all i, j. 

Then K [ x , , . . . , X q }  is an Ore domain over with a ring of quotients which is a 

division ring written K ( x , , . . . ,  xq), whose structure can be described as follows 

(cf. [2, theorem 2.3]): 

Take B = {bl , "  ", bq} as in Remark 2.0, which satisfy (4), and define y, = 

b;Ix~. Then the C e n t K ( x , . . . ,  xq)= F ( y , , . . . ,  y~) which we denote by F'. The 
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algebra K(x l , .  �9 Xq) is also a crossed product of the group G - - i n  our notation, 

of the form (K', G, U, B'), where B ' - -  (x~,.- . ,  x]) and K ' =  K ( y l , . . . ,  yq) with 

the automorphisms o- ~ G extended to K '  by setting o(yi) = y~ for all i. The 

invariant field of K '  is then F ( y l , ' - ' ,  yq). 

This is readily obtained (cf. [2]) when the x~ take the place of the z, of section 

2; and b'~ = x~ = b,(b~Ix~) = b~y, E K'.  The set {U, B}, now satisfies (1)-(4), since 

the b'i = x~ are multiples of the b, by central elements. 

Note also that K(x~ , . . . ,  Xq) is thus a finite dimensional algebra over its center 

F' ,  and K(x~ , . . . , xq )  as well as the polynomial ring K[x~,. . . ,Xq] are PI- 

domains. Therefore, K ( x , , . . . , X q )  is the ring of central quotients (cf. [3]) of 

K[x , , ' "  ", xq]. 

This algebra will have an involution, if in addition we shall assume that 

U = {u~j} with respect to r E G will satisfy (5) and B',  or equivalently B, will 

satisfy (6). The second requirement is superfluous in two cases: 

r = 1; or, by Theorem 2.2, if q = 3, z = o'~o-2o'3, where the U need only satisfy 

(1), (2) and (5). In these cases K(x~ , . . . ,  xq) will have an involution (*) whose 

restriction to K '  is r. Note that z fixes F '  and so (*) is of the first kind. 

NOTATION. The generic crossed product (K', G, U,B' ,  z) will be denoted 

henceforth by (K, U, r). Write K[x] for K [ x l , . . . ,  xq]. Each element of K[x] can 
/a.q 

be written uniquely in the form f = E k~x~' �9 �9 �9 xq,  write v( f )  for the element 

k~x~'. .  �9 xq with largest /z = (/z~,. �9 k,, J 0 when ordered lexicographi- 

cally. Also note that (*) acts on K [x ] by (E k,,x ~'. �9 �9 x ~q)* --Exq*'~ �9 .. x~"'-r(k,,). 

PROPOSITION 3.1. v(f,f2) = v(f,)v(f2); if f J  0 then v( f )  J 0; v(f*) = v(f)*. 

PROOF. Clear by the definition. Q.E.D. 

PROPOSITION 3.2. I f  the algebra A = (K, U, z) is a product of quaternions, then 

A has a q-generating set S containing 4 q elements of the following form : Each 

element of S has the form k,x~'~.., x~ ~, where k, E K and /xl,.- ",/zq E {0, 1}; 

moreover for each (# )  there are 2 q elements of S of the form k,x ~' . . . x qq, and, in 

particular, there are 2 q elements of S f3 K. 

PROOF. A has degree 2 q so, by Proposition 1.2, A has a q-generating set 

S~ = (a~, . . . ,a ,} ,  where t = 4L Write a, = f, g7 ~, f, E K[x], g, E Cent(K[x]),  

l=<i_-<t. Then ( f ~ , ' " , f , I  is a q-generating set, so {v(f~),. . . ,  v(f,)} is a q- 
i I iq 

generating set. But each v(~) can be written as a~x~ . . . x ~ ,  a~ E K. Putting 
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�9 �9 2 1 q  elements of j~ = [ij/2],- . . . . . . . . .  .,jq [ i J2]  and c, y~'. y~q (b~' bq)Sq -lx12J, �9 xq 

the center ,  we have ~,(fi)c~ -~ is the desired form k~x~'.. �9 xq , since c~ E F', we see 

S = {v(fl)c~l, -. ., v(f,)c~ -1} is a q-genera t ing  set. 

For  each (#) ,  the number  of possible F ' - independen t  e lements  wi th/z  s E {0, 1} 

of the form k~x~'. . ,  x~ ~ is at most 2 q, and the number  of different monomia l  

x ~" ~ 2 q" �9 �9 �9 x q, is also , on the o ther  hand the e lements  of the total number  is 4q; 

since the e lements  of S are F ' - independen t ,  this bound  must be achieved in S in 

each subset { k,x ~' ~'~ �9 . �9 x q } for  each (/z) as required.  Q .E .D.  

We are in a position to present  an impor tant  cri terion for a generic abelian 

crossed product  with Galois Z z ~ ) Z z E ) Z z  to be a tensor  product  of quaternions.  

F rom now on we restrict ourselves to the case q = 3. 

THEOREM 3.3. Suppose ~" = oqtrzo'3, U satisfies (1), (2), (3) and B chosen by 

Remark 2.0 to satisfy (4). Then the generic abelian crossed product A = (K, U, z)  

is a product of quaternions iff bl E FNI(K).  

PROOF. If A is a product  of quaternions  then the q-genera t ing  set of 

Proposi t ion 3.2 will contain some e lement  k x ,  and so (kxl) 2 E F '  = Cen t (A) .  But  

(kxl)2 = k~r~(k )x~ = kcrl(k )bzyl (where yl = b?~x~ E F'), implying ko~(k )bi E 

F ' f ' l  K = F, i.e. b, E FNI(K).  

Conversely,  if b~ktr~(k)E F for  some k in K, then (~ ,  kx~) is a q-generat ing 

set of A (notat ion as preceding T h e o r e m  2.2), so by Proposi t ion 1.1(ii), A has an 

F ' -qua te rn ion  subalgebra Q~; thus A ~ Q~ ~)F, A ', wlaere A '  is the central izer  of 

Q~ in A. Now A has exponent  2 in the Brauer  group,  by [1, p. 161, t heo rem 19] 

so A '  has exponent  2, implying A '  is a product  of quaternions,  hence A is a 

product  of quaternions.  Q .E .D.  

When  (K, U,T)  is a tensor  product  of quaternions,  our  next result is a 

necessary and sufficient condit ion for one  factor  to be invariant under  the 

involution. 

THEOREM 3.4. Suppose U and B satisfy (1)--(6) with respect to r = 1. I f  

A = (K, U, r)  is a product of quaternions invariant under the involution (*) 

described above, then b~ = aNl(k  ) for suitable a E F, k E K, with o'l(k )= +-k. 

PROOF. By Proposi t ion 1.3, A has a q-generat ing set of e lements  {rl," �9 ", r,} 

where  t = 2 q, with r* = -+ r,, 1 ~ i _-< t. In the construct ion of S in Proposi t ion 3.2, 

we see (c;~u(r~)) *= c; lv (r  *) = +_c?~v(r~). Thus,  S has some e lement  kx~ with 

(kx~)ZE F' and (kx,)* = •  Hence  bx E FN~(k -1) as in T h e o r e m  3.3, and 

+- kx, = (kxt)*x~k, implying o-~(k-~) = • k -1. Q .E .D.  
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Conversely,  if b = aNt (k )  with o 'z (k)=  -+ k, then (~ct, kx,) are a q-genera t ing  

set with (kx~)* = kxt, so A has a (*)-invariant quaternion subalgebra.  

We now can give our  criteria. 

THEOREM 3.5. Suppose q = 3, notation as before Lemma 2.2, and ~" = o'tcr2o'3. 

If there exists b satisfying (7), i.e. b ~ F(~2~3) f"l F(~2)NI(K) f"l F(~3)N~(K) but 

b ~ FN~(K) then there is a generic abelian crossedproduct A = (K, U, ~') for some 

U, such that A is a division algebra of degree 8, with involution, which is not 

isomorphic to a tensor product of quaternion algebras. 

PROOF. By T h e o r e m  2.5, we get v~,v2, v3 and B, with bt = b, satisfying 

(2')--(5'); using T h e o r e m  2.2, we get U satisfying (1)-(6), yielding a generic 

abelian crossed product  A = (K, U, ~) with involution. By T h e o r e m  3.3, A is not 

a product  of quaternions.  

THEOREM 3.6. Suppose q = 2, K = F(sCt,~2), with ~ E  F and o-,(~,) = - sc~, 

o'j(~) = ~ for j ~  i. If  b E FN~(K) and b ~ Fa z for all a E F(~2), then, for ~- = l, 

the generic abelian crossed product with involution A = (K, G, U, ~-) is a tensor 

product of quaternions but has no quaternion subalgebra invariant under the 

involution. 

PROOF. Write  b = aNl(k) ,  for a E F, k ~ K. Let  un = uzz = 1, u2, = 

o'~rffk)k -1, and u~2 = ui~ ~. Then  (1), (2), (3), and (5) hold and, by Remark  2.0, 

there  exists B = (bx, b2) satisfying (4) (and trivially satisfying (6)). Also blb -~ E F 

since t~(b~b -~) = b~b -~ and ~2(b,b-~)(b~b-~) -t = (~2(b~)bT~)(o'ffb)b-t) -' 

N,(u: t)  (cr2(Sdk ))S~(k )-t)-' = S~(u2t)N~(u2~)-' = 1. 

Hence  we may replace bt by b. Construct  (K, U, ~-), which by T h e o r e m  3.4, will 

be a product  of (*)-invariant quaternions  iff b E FN~(ao) with o'1(a0)= +-a0. 

Then  for some a in F(~z), e i ther  ao = a or ao = a~:~, implying in ei ther  case 

b = Fa 2 contrary  to hypothesis.  

w Equivalent conditions 

To show there  exist fields K and an e lement  b which satisfy the hypothesis  of 

T h e o r e m  3.6, we replace these condit ions by equivalent  or weaker  ones. A 

different me thod  of obtaining these results will be given in section 6. 

Suppose H D L is a finite field extension and T is a subset of H. Wri te  
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N ( T ; H / L )  for {no rm(x ) lx  ~ T}, the norm taken f rom H to L, and write 

N ( H / L )  for N ( H ; H / L ) .  We take K = F(~:~,r162 as described preceding 

Theo rem 2.2. Note  that N~(~:~) = - r = _ a ,  and N~(sc~) = sc~ = aj for j ~  i. Let 

F~ = F(sC2r 

LEMMA 4.1. N,(K) ~ F, = N(F,(~,)/F,)N(F,(~I,~)/F,). 

PROOF. (_D) is trivial, because each norm on the right is conta ined in the left. 

To  prove (_C), suppose a=N~(u)~F~.  If uEF~(~,) then a =  

N,(u) E N(F~(~O/F~ ) - 1 and we are done;  thus we may assume u ~ F,(sc~). Then 

u = u~(u~+~2) for suitable ut, uz in F~(~t), since 1 , ~  are a base of K over  

F~(sc~) = F(sCt, sczsc3); hence  a = N,(u) = S~(ut)N~(u~ + ~2) ~ F~, implying 

S,(u2 + ~2) E F~. But S~(u2 + ~) = S,(u2) + ~2(u2 + oq(u:)) + a2, so uz + tr~(uz) = 

0, implying u2 = wr for some w in Fl. Now, 

a = N,(u) = N,(u,)(-  Nl(W)a, + a2) = N,(u~r + ct;'r 

E N(F,(~,)/F,)N(Ft(~,~2)/F,). Q.E.D.  

COROLLARY 4.2. f f  b ~ FN,(K) fh F(sC2~3), then 

N(b; F,/F) ~ N(F(~, ) /F)[N(F(~z) /F)  N N(F(~2~3)/F]. 

PROOF. Write b = aa for a E F, a E Nl(K) O.F~, and we use our  notat ion 

F~ = F(sC2sc3). By L e m m a  4.1, a E N(F,(~,)/F~)N(FI(~I~2)/F~), so 

S(b;  FJF) = a 2S(a ; F~/F) @ a 2N(N(Ft(~O/F~); F~/F). N(N(F,(~2)/F~); F,/F). 

Now N(N(FI(~,)/Fj);F,/F) = N(F,(~,)/F) = N[N(F~(~,)/F(~O); F(~,)/FIC_ 
N[F@O/F]; and likewise N[N(F~(~I~2)/FO; F,/F] = N[F~(~2)/F] = 
N[N(F~(~2)/F(~2));  F(~I~:)/F]C_N[F(~2)/F], and also N(F, (~2) /F)= 

N(N(F~(~2)/F~); F~/F) C_ N(F!/F). Thus 

N(b; F,/F) E a2N[F(~)/F] [N(F(~z ) /F)  fh N(F~/F)] 

C_ N[F(~O/F ] [N(F(~E)/F)  (7 N(F(~:~3)/F], 

F, = F(sC2~3). 

The  condit ions for b in T h e o r e m  3.5 can be modified by the following result. 

LEMMA 4.3. Let b E F(r ~3), then b E F(r if] N3(b) 

N(F(~I, ~2)/F(se2)). 
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PROOF. If b = a2N,(k) for a2~F( r  then 

N3(b) = N3(a2)N3(N,(k )) = a ~N,(N3(k)) = N,(a2N3(k )), 

and. a2N3(k ) ~ F(~,, ~2). 
Conversely,  suppose N3(b) = N,(ko) for  some koE F(~,~2) ,  and let k = 

b + ko. Writing k~ for ko+ 0.,(ko) @ F(~2), we have 

N , (k )  = N,(b + ko)= b2 + bk~ + N,(ko) = b2+ bk~ + N3(b)= b(b + 0.3(b) + k~). 

But (b + o-3(b))+ k~E F(sC2), we are done  unless k = 0 ;  then 

b = - ko E F(~2, ~3) fq F(~, ,  ~2) = F(~2), 

and we can take  k = 1. Q .E .D.  

If b ~ F, then 0.3(b) = 0.2(b), and the analogous result to L e m m a  4.3 with 02 

and 0"3 reversed yields: 

COROLLARY 4.4. An element b satisfies (7). That is, if b ~ F(~2~s), then 

b ~ F(~)N,(K)  fq F(~3)N,(K) iff 

N2(b) = N3(b) ~ N[F(~,  ~2)/F(~)] f3 N[F(~,, ~3)/F(~3)]. 

w The counterexamples 

THEOREM 5.1. Let F = Q(A),  the field of rational functions in an indetermi- 
nate over the rationals Q. There is a Galois extension K = F(r ~2, ~3) over F of 
degree 8, with ~ ~ ~ F, and U = ( u,j ) C K satisfying equations (1), (2), (3), (5), such 
that (K, U, r) is a domain algebra of degree 8 with involution (of First Kind), not 
isomorphic to a tensor product of quaternions. (Here G = (0.~) �9 (o-2) �9 (o'3) has 
exponent 2.) 

PROOF. Take  r = _ 1, r  (A 2 + 1), and ~23 = A. By T h e o r e m  3.5, we need 

only find b E F(r162 (q F(r tq F(r with b ~ FN~(K).  T ake  b = 

~2~3 ~ F(~2~3). Then  

N2(b) = N3(b) = A(A2+ 1) 

= N,(�89 - 1 - ~2)+ (A - 1 + ~2)~,] = N,[(~,~3)(A~,- 1)1 

so, by Corollary 4.4, b E F(~2)N,(K)(q F(~3)N,(K). 
It remains to show b ~ FN~(K), which is more  difficult. By Corol lary 4.2, we 

need to prove 

N(b; F,/F) = N2(b) ~ N(F(~,)/F)[N(F(~,~2)/F) A N(F(~2~3)/F)]. 
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We shall in fact obtain a contradiction, from its negation that 

h (h2+ 1) = N,(f,)N(f2; F(~1~2)/F) = N,(f,)N(f~; F(~2~3)/F) 

for suitable f, in F(~,), f2 in F(~I~2), f3 in F(se2se3). There exist polynomials 0 / g, 

g,, g2, g3, g4, gs, g6E Z[h] such that f71 = (g, + g~,)g- ' ,  f2 = (g3+ g4~r and 

]:3 = (g5 + g~2~3)g-'. Clearing out g, we get 

(8) a ( a : +  1)(g~+ g~) = g~- ( a~+  1)g~= g~+a(a~+ 1)g~. 

However, we shall show (8) is impossible; otherwise choose a solution with the 

greatest common divisor of gl, g2, g3, g4, gs, g6 (in Z[h]) equal to 1. Taking the 

canonical homomorphism in (Z/2Z) [h ] (and noting that (~ + d) ~ = ~= + d 2) yields 

(9) h(a + 1)=(g, + g2) 2 = (g3+ (h" + 1)g,,) ~ = g~+ h(a + 1):g~. 

By unique factorization, noting that ,~- occurs to an odd power in the left-hand 

side and to an even power in the middle, we get all sides equal to 0. Hence 

(10) g,-- g2, 

(11) g3 = (,(+ 1)g4, 
(12) g~ = a ( a  + 1)ag~, 

Applying the same argument to (12) yields g5 = 0, so g~ = 0. Thus 2[g5 and 

2[g6, implying 41(g~+ a(a=+ 1)gg). Thus, by (7), 4[(a~+ 1)(g,=+ g,~), yielding 

(13) 41(g~+ g~); 

likewise 

(14) 41g2- (a=+ 1)g~. 

From (10) we can write g, = g2 + 2hi for some h, = Z[)t ]; then, by (13), 4 divides 

2g 2 + 4g2h ~ + 4h ~, implying 2 [ g2, and therefore also 2 [ g,. 

From (11) we also can write g3 = (a + 1)g4+ 2h3 for some h3 in Z[h]. By (13), 4 
divides (((a + 1)g4 + 2h3) 2 - (a ~ + 1)g 24) = 2hg 24 + 4(a + 1)g4h 3 + 4h ~, so 2 1 g4; thus 

2[g3 also. Hence 21g, for each i, contrary to their g.c.d, being 1. This 
contradiction shows (13) holds. Q.E.D. 

The second counterexample is easier. 

THEOREM 5.2. The field F = Q(A) has an extension K = F(~,  ~2) with ~ E F, 

U CK, such that (K, U, 1) does not have any quaternion subalgebras invariant 
under the given involution (Here G = (or,)~ (trz).) 

PROOF. Take ~ =  2, s~ = h, and b = h - 1 + 2~:> Then b = N,(~z + 1 - sq); on 

the other hand, f (h)b  is not a square in F(~z)= Q(X/h), as can be easily seen 

through unique factorization in the ring Q[~/h]. Thus we are done by Theorem 

3.6. Q.E.D. 

REMARK 5.3. If we take K , F  as in Theorem 5.1, and for t >3 ,  letting 



Voi. 33, 1 9 7 9  INVOLUTION IN DIVISION ALGEBRAS 147 

~4,'" ", s c, be commutative indeterminates over K, define 14,, = K(,f4, �9 �9 ~,) and 

E = F(~:~, . . . ,~ , )CK,;  then K, is Galois over F, with Galois group G, = 

Z2+ " "  + Z2, taken t times. 

Define U, by taking u~j = 1 whenever i > 3 or j > 3, otherwise take u, from U. 

One sees easily that (K,, G,, U,, o~o~o-3) also is an abelian crossed product of 

degree 2' with involution, not a product of quaternions. A similar construction 

will extend Theorem 5.2. 

w Another proof of the results of w 

We can motivate the results of w through quadratic descent. Consider the 

quaternion F-algebra Q = (a, [3;F). Then there are elements y~ in Q, with 

y~ = o~, y~ = [3, such that y~y2 = - y2y~. We can view Q as a cyclic algebra with 

maximal subfield F(y~) whose nontrivial automorphism o- over F is given by 

conjugation by y2. By Wedderburn's criterion, Q --~ M2(F) if[/3 is a norm (with 

respect to or) of some element of F(y,). Let us follow the notation preceding 

Lemma 2.2. 

REMARK 6.1. b E FNI(K)  if[, for some element a in F, (a- 'b,  a,; F(~2, ~:3)) 

M2(F) which, by various easy, well-known properties of the quadratic symbol, 

says 

(b, al;  F(~2, ~3)) ~ (a, a , ;  F)  Q~F(~2, ~3). 

LEMMA 6.2. For any quadratic extension L of F, with nonzero elements [3 in F 

and x in L, we have some 3" in F with ([3, x ; L ) ~ ( [ 3 , 3 " ; L ) ,  iff ([3, N ( x ) ; F )  ~- 

Mz(F) (where N denotes the norm with respect to the nontrivial automorphism or of 

L over F). 

PROOF. By [1, theorem X.16], ([3, N ( x ) ; F ) ~ - M 2 ( F )  iff ([3, x ; L )  has an 

involution of the second kind whose restriction to L(~/~) is an automorphism 

commuting with o-. Now this is certainly the case if (/3, x; L)  ~ ([3, 3'; L), because 

([3, 3'; L)  ~ ([3, 3'; F)@~L,  so we could take an involution (*) of the first kind on 

([3, 7 ; F) inducing the nontrivial automorphism of F(X/~), and consider * @ o-; 

the converse is [1, theorem X.21}. Q.E.D. 

LEMMA 6.3. For any [3,, y, in F, if ([3,, y,; F) ~ ([32, 3'2; F), then, for some tz in 

F, we have ([31, 3"~; F ) ~  (fl~, t~ ; F)-~ ([32, tx ; F ) ~  (f12, 3~2; F ). 
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PROOF. View Q = (/3~, 3,t;F) = (/32, T2;F). If Q = M:(F), take p. = 1. Other- 
wise take x,,y, in Q such that x~ =/3, and y~= 3,,. If [x~,x2] = 0  then x2 = 

3,,xl + 3'2 for su i tab le  3,, ~ 0, 3,2 in F ;  s ince  x~ E F w e  get  3,2 = 0, so  w e  can t a k e  

p, = 3,1. If [xl ,  x2] J 0  then  x,[xl, x2]= -[x~,xE]x, for i =  1 ,2 ,  so  w e  can take  

/z = [xl, x2] 2. Q.E.D. 

We are now ready for an alternate proof of Corollary 4.2. By Remark 4.1, we 

may assume for suitable /3 in F, that 

M2(F(f2, s = (fib, al; F(~2, ~,)) -~ (/3b, al; F,) • F(~2, ~3), 

implying F(sC2, so3) splits (/3b, a,; F,) and is thus a maximal subfield. Thus, for 

some w in F,, (a,,/3b, F , ) ~  (/3b, a,; F,) ~ (a2, w; F,) (since F(~:2, ~:3) = F,(~:2)). By 
Lemma 6.3, for some w' in F,, (a,,/3b; F,) = Ca,, w'; F,) = (a2, w'; F,). Thus 
(a,a2, w'; F,)-~ M2(F,), implying by Wedderburn's criterion w ' ~  N,(F,(sc~sc2)). 
Also (a,, /3b �9 w'; F,) ~ M2(F,), yielding (a,, bw'; F,) ~ (a,, /3; F,). By Lemma 
6.2, (a,, N3(bw'); F) ~ M2(F), so N3(bw ') E N,(F(s and N3(b) E 
N1(F(s But w ' = N l ( k  -I) for some k EF(s163163163 so 
N3((W') -1) = N3(NI(k))= NI(N3(k)), proving the assertion. Q.E.D. 

REFERENCES 

1. A. A. Albert, Structure of Algebras, Amer. Math. Soc. Colloq. Publ. 24, Providence, R.I., 
1961. 

2. S. A. Amitsur and D. Saltman, Generic abelian crossed products, J. Algebra 51(1978), 76-87. 
3. L. Rowen, Some results on the center of a ring with polynomial identity, Bull. Amer. Math. Soc. 

79(1973), 219-223. 
4. L. Rowen, Central simple algebras, Israel J. Math. 29(1978), 285-301. 
5. J. Tignol, Sur les classes de similitude de corps a involution de degr6 8, C. R. Acad. Sci. Paris 

A286 (1978), 875-876. 
6. J. Tignol, Decomposition et descente de produits tensoriels d'algebres de quaternions, 

Rapport Sem. Math. Pure UCL 76(1978). 

HEBREW UNIVERSITY OF JERUSALEM 
JERUSALEM, ISRAEL 

AND 

INSTITUTE FOR ADVANCED STUDIES 
MOUNT SCOPUS, JERUSALEM, ISRAEL 

UNIVERSITE CATHOLIQUE DE LOUVAIN 
LOUVAIN-LA-NEUVE, BELGIUM 

AND 

INSTITUTE FOR ADVANCED STUDIES 
MOUNT SCOPUS, JERUSALEM, ISRAEL 


